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Let K be a real field (that is, a subfield of the field R of all real numbers), 
and let p be an odd prime. The main object of this paper is to give a complete 
description of the conjugacy classes of finite irreducible subgroups of the general 
linear group GL(p, K). W e a so 1 obtain some less complete information about the 
more general case where p is replaced by an odd integer. One interesting 
observation is that in either case the classification is essentially independent of 
the field K. 
A key step in the classification is based on a pretty result due to Gow and which 
may be stated as follows (see [2]). Let x be an ordinary irreducible character of a 
finite solvable group G. Suppose that (a) x has odd degree, and (b) x only takes 
real values. Then x may be written as an induced character hc where X is a charac- 
ter of degree 1 of some subgroup of G and only takes the values &l. Conse- 
quently, x is afforded by a monomial matrix representation for G in which the 
nonzero entries of the matrices are all &I. 
Using this result we have the following theorem. 
THEOREM 1. Let G be a finite solvable irreducible subgroup of GL(n, K) where 
K is a realjeld and n is an odd integer. Then G is absolutely irreducible, and G is 
con&gate in GL(n, K) to a group of monomial matrices all of whose nonzero entries 
are fl. 
Proof. Let x be the character afforded by the natural representation of G. 
Then x = y1 + ... + vr is a sum of absolutely irreducible characters v’i which 
are algebraically conjugate characters over K; in particular, all vi have the same 
degree, namely, n/r, which is odd (see [3, Satz 14.12, p. 5491). Since x takes 
only real values, x is equal to its complex conjugate character 2, and so with 
each ‘pi in the sum for x there appears the conjugate character qi with an equal 
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multiplicity. However, r is odd (it divides n), and so for somej we have vj = @j . 
GOW’S theorem now shows that qj is afforded by a rational representation, and 
in particular it is rational valued. Since the other ‘pi are algebraic conjugates of pi 
we conclude that all these characters are equal. Since qj is afforded by a rational 
representation, the irreducibility of G over K shows that I = 1 and x = vi . Thus 
Gow’s theorem shows that x is afforded by a monomial matrix representation 
whose matrices have all nonzero entries equal to 5 1. Therefore, G is conjugata 
in GL(n, X) to a group of such matrices (see [I, Theorem 29.71) and the theorem 
is proved. 
Theorem 1 obviously simplifies the problem of describing the classes of 
irreducible finite solvable subgroups of G.&z, K), but it still leaves open the 
questions of how one may determine which subgroups of monomial matrices are 
solvable and irreducible, and how one classifies them under conjugacy in 
GL(n, K). Fortunately, in the case where n is an odd prime we can give satis- 
factory answers to both of these questions. This is what we do in the remainder 
of this paper. 
Notation. Let p be an odd prime and let M denote the subgroup consisting 
of all monomial matrices in GL(p, K) all of whose nonzero entries equal -&I. 
Thus M contains a normal elementary Abelian 2-subgroup D of order 2fl 
consisting of the diagonal matrices, and a subgroup S of order p! consisting of 
the permutation matrices. Moreover, S N Sym(p), the symmetric group of 
degree p, and M = DS and D n S = 1. It is well known (see [3, Satz 3.6, 
p. 1631) that we can choose two elements x0 and yO of Sym(p) with the following 
properties: x0 is a p-cycle, y,, has order p - I and y,, normalizes (x0); (x0) is 
its own centralizer in Sym(p), and (x0 , ~“‘0) is a metacyclic group of order 
p(p - 1) which is the normalizer of (~a), so the p - 1 nontrivial powers of xi 
are all conjugate under <yJ; every transitive solvable subgroup of Sym(p) is 
conjugate to a subgroup of (x, , yJ containing xx,,). Now under the isomor- 
phism of S with Sym(p) we take the elements x and y in S corresponding to x0 
and yoj respectively, and put P = (2,~). Thus P is metacyclic of order 
p(p - 1) and every solvable subgroup of S which contains (x) is contained in P. 
Finally, put W = DP. Note that the group of scalars 2 = (1, --I> is the centert 
of both M and W, and that D(x) is a normal subgroup of W with a factor group 
isomorphic to <y) which is cyclic of orderp - 1. 
LEMMA. (i) If G is a solvable subgroup of M andp divides the order of G, then G 
is conjugate in M to a subgroup of W containing (x). 
(ii) If G is a subgroup of W and (x} C G, then G is reducible if and only if 
GnD_CZ. 
Proof. Consider (i). Since p divides 1 G I, and (x) is a Sylow p-group of M 
of order p, the Sylow theorem shows that some conjugate Gi of G in M contains 
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{x). We claim that G, C IV. Under the isomorphism M/D N Sym(p), DG,/D 
corresponds to a solvable subgroup of Sym(p); and the latter subgroup is 
transitive because it contains an element of order p. Thus by the remarks above 
we know that DGJD is metacyclic and has a normal Sylow p-group. Since (x) 
is contained in Gr , this shows that D(x) is normal in DG, . However, since 
(x0 , ya) is the normalizer of (x0) in Sym(p), D(x, r> is the normalizer of D(x) 
.in M, and so DG, _C D(x, y) = W. This proves (i). 
Now consider (ii) and first suppose that G n D _C Z. Then G/G n Z = 
G/G n D ‘v DG/D _C W/D E P. Because the Sylow p-group of P is normal, 
this shows that (G n Z)(x) is a normal abelian subgroup of G; and since p # 2, 
(x) is characteristic in (G n Z)( x and hence normal in G. Now, if G were ) 
irreducible, then Clifford’s theorem would show that (x) would be completely 
reducible over K and that its irreducible constituents would all have the same 
degree. Since K is a real field, K contains no primitive pth root of 1 and so 
the irreducible constituents of (x} could not have degree 1. Since the degree p 
of G is prime, this implies that (x) would have a single irreducible constituent; 
that is, (x) would be irreducible over K. This is impossible by Theorem 1 
because (x) is not absolutely irreducible. Thus we conclude that if G n D _C Z, 
then G is reducible. 
Finally, suppose that (x) C G C Wand that G is reducible over K; we must 
show that G n D _C Z. Since G is reducible, it is not absolutely irreducible, 
and so by Theorem 1, G is reducible over the field Q of rational numbers 
(recall that WC GL(p, Q)). In particular, each G-invariant subspace of the 
underlying vector space is also an (x)-invariant subspace. However, the permuta- 
tion matrix x has characteristic polynomial Xr’ - 1 which factors into two 
irreducible factors (X - 1 )(Xfl-l + . . t 1) over Q. This means that there are 
exactly two proper nonzero (x)-invariant subspaces (with dimensions 1 and 
p - 1, respectively); and since G is reducible these must also be G-invariant 
subspaces. Since the vector (1 1 ... 1) spans the one-dimensional (x)-invariant 
subspace, this vector must be an eigenvector for each z E G. In particular, if 
z E G n D, then 9 = 1 and so (1 1 *.. 1)s = &(l 1 ... 1); and since x is a 
diagonal matrix this implies that z = +l and so z E Z. Thus we have shown 
‘that if G is reducible, then G n D C Z. This completes the proof of (ii), and the 
lemma is proved. 
We can now complete the classification of the conjugacy classes of irreducible 
finite solvable subgroups of GL( p, K). 
THEOREM 2. Let K be a real field and p be an odd prime. Then: 
(i) Each finite irreducible solvable subgroup of GL(p, K) is conjugate in 
GL(p, K) to a group of the form AH where A is a subgroup of D with A 9: Z and H 
is a subgroup of P with (x) C H. 
(ii) If A,H, and A,Hz are two subgroups of thisform, then they are isomorphic 
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if and only if they are conjugate under some element of ( y); in particular, they are 
conjugate in GL(p, K) only when they are conjugate under some element of (y). 
Remark. We know that (x) C H c P implies that H is normal in P. Thus, if 
A,H, is conjugate to AzHz in (ii), then HI = H, . 
Proof. Let G be a finite irreducible solvable subgroup of GL(p, K). Then G 
is absolutely irreducible by Theorem 1 and so the degree p divides 1 G 1 by 
Schur’s theorem [3, Satz 5.12, p. 4811. It then follows from Theorem 1 and part 
(i) of the lemma that G is conjugate to a subgroup G1 of W with (x) C G1 . 
Put A = G1 n D, and note that A $2 by part (ii) of the lemma. Now consider 
the canonical homomorphism Gr --j GrD/D C W/D N P. The subgroup 
D(x)/D in the image is normal because (x) is normal in P. On the other hand 
the kernel of the homomorphism is A = Gr n D and so A(x) is normal in G1 . 
Since (x) is a Sylow p-group of A(x), the Frattini argument shows that G1 = 
ANol((x)). From the structure of Wit is readily seen that N&(x)) = PZ, so 
G,CAP.ThusG,=APnG,=AHwhereH=PnG,.Since(x)CHCP, 
this proves the first part of the theorem. 
It remains to show that if A,H, and AzHz are two subgroups of the above type, 
and 8: A,H, ---f A,Hs is an isomorphism, then these subgroups are conjugate 
under some element of (y) (the reverse implication is trivial). First, since (x) 
is its own centralizer in P, neither HI nor H, contains any nontrivial normal 
2-subgroup. Thus Ai is the maximal normal 2-subgroup of ArHi (i = 1,2), and 
so A,H, N AzHz implies that A, z A, . Consequently, 1 HI 1 = ) H, ) ; and 
since (x) C HI n H, and P/(x) is cyclic, this implies that HI = H, . Since all 
nontrivial elements of (x) are conjugate under the action of ( y) (see the remarks 
before the lemma), we can find z E (y) such that z.elxz y x0. We claim that 
A,H, = .zA,H,.z-~. Certainly HI = Hz = zHzz-l, and A, and zA,z-l are 
subgroups of D. Moreover, considering the elementary Abelian 2-group D as a 
vector space over the field F, with two elements, we see that H, acts linearly 
(by conjugation) on this space, and that A, and zA,z-~ are HI-invariant sub- 
spaces. In particular, the latter are {x)-invariant subspaces of D. On the other 
hand, the characteristic polynomial of x on D is X” - 1 which has distinct 
roots because p # 2. Therefore, considering the rational decomposition of x with’ 
respect to D, we see that D is a direct sum of irreducible {x)-invariant sub- 
spaces, no two of which are isomorphic as F,(x)-modules. However, the 
(x)-invariant subspaces A, and zA,z-l are isomorphic as F,(x)-modules under 
the mapping a ++ z(aO)z-l because x-lax+ z{(x6)-1(aO)(xe)}z-1 = x-1(z(a8)x-1}x. 
Therefore A, = zA,z-l and hence A,H, = zA,H,z-r as asserted. This proves 
the theorem. 
It follows from Theorem 2 that each conjugacy class of finite irreducible 
solvable subgroups of GL(p, K) is characterized by a uniquely determined 
subgroup H of P with (x) C H and an H-invariant subspace A of D with 
A p 2 where A is determined up to conjugacy under elements of (y). This 
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enables us to count the number of conjugacy classes in terms of a simply 
computed number theoretic function. 
We can describe the latter function as follows. Let d be any positive integer, 
and let Sz, denote the set of all nonempty subsets of {1,2,..., d} (so 1 Q2, 1 = 
2* - 1). Consider the natural action of the d-cycle (1 2 ..* d) on 52, given by its 
action on the elements of the sets. We definef(d) to be the number of orbits of 
(1 2 ... d) on Q, . It can be shown by standard methods (for example, see 
[4, Sect. 43) that 
where v denotes the Euler v-function. Using this, or calculating the function 
‘directly, we have for small values of d the following values off(d): 
d=l 2 3 4 5 6 7 8 9 10, 
f(d) = 1 2 3 5 7 13 19 35 58 107. 
THEOREM 3. With the notation of Theorem 2 let H be a fixed subgroup of P 
with (x) C H. Suppose that / H 1 = pr and let k be the smallest positive integer 
such that 2” = 1 (modp). Let m be the least common multiple of k and Y, and put 
d = (p - 1)/m (note that both k and Y necessarily divide p - 1). Then there are 
exactly 2f (d) conjugacy classes of irreducible solvable subgroups of GL(p, K) 
containing a subgroup of the type AH (A C D and A e 2). Moreover, in half the 
casesZCAandinhalfthecasesZnA=l. 
Proof. From what we have seen above it is sufficient to show that the non- 
central H-invariant subspaces of D fall into 2f (d) orbits under the action of 
(y}, and that exactly half of these orbits consist of subspaces containing Z. 
First look at the (x)-invariant subspaces of D. Since each finite field is cyclic, 
the definition of k shows that the splitting field for Xp - 1 has degree k over F, . 
Since each pth root of 1 different from 1 is primitive, each of the latter roots has 
degree k over Fz . Thus the characteristic polynomial Xp - 1 of x on D factors 
over F, into distinct irreducible factors consisting of X - 1 and (p - 1)/k 
factors of degree k. From the corresponding rational decomposition of x on D 
we see that D = Z x D, x ... x D, , say, where t = (p - 1)/k and the Di are 
nonisomorphic irreducible (x)-invariant subspaces of D each of dimension k 
over Fz . 
Now consider the action of P. The irreducible subspace Z is also P-invariant. 
Let B be any other irreducible P-invariant subspace of D. Since B n Z = 1, 
the action of x on B has an eigenvalue 1; f 1 in some extension of F, . Since B is 
(y)-invariant, and the powers x, xs,..., xv-l are all conjugates under (y), we 
conclude that 5, 12,..., Q-l are also eigenvalues of the action of x on B. This 
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shows that B has dimension at leastp - 1. However, B is a product of irreducible 
(x)-invariant subspaces, and BnZ=l, so B=D,x*.-xD,; and 
D = B x 2 as a product of irreducible P-invariant subspaces. 
Now consider the action of H. Since the Di are mutually nonisomorphic 
irreducible F,(x)-modules, Clifford’s theorem applied to the irreducible 
F&‘-module B shows that P acts transitively on the set {Dl ,..., Dt}. Since 
1 P : H 1 = (p - l)/ r and P/(x) is cyclic, the number of orbits of H on 
(4 ,..., Dt> equals the greatest common divisor of t and (p - 1)/r. But 
t = (p - 1)/K, so the definition of m shows that H has (p - 1)/m = d orbits 
on {Dl ,..., Dt>. Since these orbits correspond to irreducible H-invariant sub- 
spaces of D, we conclude that D = C, x ... x C, x 2 where the Ci are 
irreducible H-invariant subspaces of dimension m = (p - 1)/d, and (y) 
permutes the set {C, ,..., C,} transitively. Thus the noncentral H-invariant 
subspaces of D are of two kinds: 
where {ir ,..., in} is any nonempty subset of {l, 2,..., d}. Since y acts transitively 
on the set {C, ,..., C,}, its action is represented by a single d-dycle. It is now clear 
from the definition of f(d) that there are exactly f(d) orbits of D-invariant 
subspaces of the kind Ci, x ... x Gin under the action of (y>, and an equal 
number of orbits of D-invariant subspaces of the second kind. This proves the 
theorem. 
EXAMPLES. (a) Suppose that 2 is a primitive root (modp). Then in the 
notation of Theorem 3, K = p - 1, and so d = 1 and f(d) = 1. Thus in this 
case there are eactly two conjugacy classes corresponding to each H, the repre- 
sentative subgroups are D$ and DH where D, = D n SL(p, K). Moreover, 
since P/(x) is cyclic of order p - 1, the number of possible subgroups H such 
that (x) L H C P is equal to the number 8(p - 1) of divisors ofp - 1. Hence in 
this case GL(p, K) has exactly 2S(p - 1) conjugacy classes of irreducible finite 
solvable groups. 
(b) If p = 7, then K = 3. There are four possible choices for H corre- 
sponding to the four divisors of 6 = 7 - 1. For these choices we obtain d = 2 
when r = 1 or 3 and d = 1 when r = 2 or 6. Hence GL(7, K) has 
2{2f(2) + 2f(l)} = 12 conjugacy classes of irreducible finite solvable subgroups. 
Representative groups from these classes can be obtained as in the proof of 
Theorem 3. 
(c) In a similar way we can compute the number N of conjugacy classes 
of irreducible finite solvable groups of GL(p, K) for the primes not covered in (a). 
A complete list for all primes less than 100 which do not have 2 as a primitive 
root (mod p) is given in the following table: 
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p = 7 17 23 31 41 43 47 71 73 79 89 97 
k = 3 8 11 5 20 14 23 35 9 39 11 48 
N = 12 18 12 76 28 32 12 24 258 24 172 44. 
Remark. The theorems above show in particular that when n is an odd 
integer then the number of conjugacy classes of irreducible finite solvable 
subgroups of GL(a, K) is finite for all real fields. In contrast, for even degree the 
group GL(2n, R) contains irreducible finite solvable subgroups of infinitely 
many different orders. This can be easily seen as follows. For each integer 
m 3 3 consider the standard wreath product G = Z,WrZ, where Z,,& and Z, 
are cyclic groups of orders m and 71, respectively. This group has a faithful 
irreducible (monomial) representation of degree n over the field of complex 
numbers, and hence (by treating the underlying vector space as a vector space 
over R) we obtain an irreducible isomorphic copy of G in GL(272, R). 
Finally, in case someone is tempted to extend the results of Theorems 2 and 3 
to cover p-solvable groups, we should point out that nothing new arises. (How- 
ever, the situation in Theorem 1 is more complicated even when n is a prime 
power.) 
THEOREM 4. Let K be a real field and let p be an odd prime. Then every 
irreducible Jinite p-solvable subgroup G of GL( p, K) is solvable. 
Proof. First let Q,, be the maximal normal p-subgroup of G; we claim that 
Q,, = 1. Indeed, by Clifford’s theorem, the irreducible constituents of Q,, all 
have the same degree, and so either Q0 is irreducible over K or all its constituents 
have degree 1. The former is impossible by Theorem 2, and the latter implies 
that Q,, = 1 because K contains no nontrivial pth root of 1. 
Now let No denote the maximal normalp’-subgroup of G. Again using Clifford’s 
theorem and examining what happens when we go to a splitting field over K 
(compare with the proof of Theorem 1) we find that the absolutely irreducible 
constituents of N,, all have degrees dividing p. Since p does not divide 1 N, 1, 
N,, cannot be absolutely irreducible by Schur’s theorem; hence, all of its absolutely 
irreducible constituents have degree 1. This shows that N, is abelian and so 
Theorem 1 shows that G f N,, . 
Next let Q, be a maximal normal subgroup of G such that QJN,, is a p-group. 
Since G is p-solvable, p divides 1 Qr /. S’ mce Qr is not Abelian (otherwise its 
Sylowp-group would be normal in G), an application of Clifford’s theorem shows 
that Qr is irreducible over K by Theorem 1. Now Theorem 2 shows that QJN,, 
has orderp. Finally, the centralizer C,(Q,/N,) = Qi (see [3, Hilfsatz 6.5, p. 6901) 
and so G/Q1 is isomorphic to a subgroup of the automorphism group of QJN,, . 
But the automorphism group of this cyclic group is Abelian, and so G/Q, is also 
Abelian. Hence G is solvable and the theorem is proved. 
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